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We point out tliat, if one accepts the view that the standard second on an atomic clock is dilated 
at low gravitational potential (ordinary gravitational time dilation), then the standard meter must 
also be dilated at low gravitational potential and by the same factor (gravitational space dilation). 
These effects may be viewed as distortions of the time and length standards by the gravitational 
field, and measurements made with these distorted standards can be "corrected" by means of a 
conformal transformation applied to the usual spacetime metric of general relativity. Because the 
amount of gravitational time dilation depends on the location of the observer, the "correction" of 
the metric is specific to a particular observer, and we arrive at a "single-observer" picture (or SO- 
picture) of events in a static gravitational field. The surprising feature of this single-observer picture 
is a substantial simplification of interpretation and formalism for numerous phenomena in a static 
gravitational field as compared to the conventional "many-observer" interpretation (or MO-picture) 
of general relativity. The principle results of the single-observer picture include: (1) the speed of 
light has the invariant value c everywhere (as it does in the MO-picture), (2) light rays propagate 
on geodesies of the single-observer three-space, (3) the relativistic radar echo delay, when a massive 
body is brought near the radar propagation path, is attributed to an increase in the three-space 
distance between transmitter and target, (4) the gravitational bending of light and the precession 
of perihelion are due solely to the curvature of the single-observer's three-space, (5) particle motion 
in a static gravitational field is closely analogous to that in Newtonian mechanics permitting a clear 
comparison of classical and relativistic motions without approximation, (6) the exact field equation 
for the "gravitational potential" in the single-observer picture is the linear Poisson equation of 
Newtonian gravitation theory, (7) the three-space Maxwell equations in the single-observer picture 
have the same vector forms as in flat space (not so in the many-observer picture), (8) as a consequence 
of (7), many standard electrodynamic results, such as Ampere's law and Faraday's law are valid in 
the single-observer three-space, (9) a solar-system test of gravitational space dilation is suggested 
that seems to be within the capability of existing technology, and finally (10) thermal equilibrium 
in a gravitational field is characterized by uniform temperature in the SO-picture (not so in the 
standard MO-picture). 



PACS numbers: 04.20.-q, 04.20.Cv, 04.20.Fy, 04.80.Ce, 04.90.-|-e 
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I. INTRODUCTION 

We motivate the viewpoint taken in this paper with 
the following "Parable of the self-centered observer." 

A "self-centered" observer at O in a static 
gravitational field 



ds = goQC dt -\- gijdx^dx\ 

observes a standard clock at rest at point P 
ticking slower than his own standard clock of 
identical construction (gravitational time di- 
lation). Being intolerant of other viewpoints, 
observer O concludes that the observer at P 
uses a faulty time standard and that a correc- 
tion of P 's time measurement is required. 

Observer O also concludes that the length 
standard used by observer P is in error 
because the standard meter is defined as 
the distance light travels in time — 



(1) 



(1/299,792,458) s at the defined speed c of 
exactly 299, 792,458 m/ s, and so an error in 
time measurement by P translates into an er- 
ror in his length standard ( the length standard 
at P is "too long" , in the view of observer O, 
because P 's slow clock allows light to travel 
too long a time in defining his standard). 

A moments thought by observer O convinces 
him that, if [as implied by (Ul) 



5oo(0) 



1/2 



is the rate of P 's clock as measured with O 's 
time standard, then the "incorrect" time and 
length intervals (df and d£) measured by P 
using "faulty" local .standards are related to 
the "true" length and time intervals (dr and 
di) at P by equations 



dr = 



df 



(2) 



(3a) 
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Equation (3a) expresses the well-tested gravi- 
tational time- dilation effect. Observer O con- 
cludes that both time and length are dilated at 
P , and by the same factor. He finds this re- 
sult satisfying in a relativistic theory where 
space and time are "made of the same stuff" 
and therefore ought to be affected similarly by 
a gravitational field. From this point on, he 
speaks not of time dilation alone but of space 
dilation as well, or of "spacetime dilation" . 

The scale change described by equations ([3) is repre- 
sented in spacetime notation by the conformal transfor- 
mation ds^ = ds^ /Ti? of metric Q. Under this transfor- 
mation the proper time df [— (— ds^/c^)^/^] of observer 
P goes over into the proper time dr (— ds^/c^)^/^] 
of observer O as in Eq. (Sal, and the proper distance dt 
{di"^ = cjijdx^dx^) of observer P goes over into the proper 
distance d£ of observer O in accordance with Eq. (3b I. 



Therefore the "correct" metric in the view of our self- 
centered observer ("corrected" for gravitational time di- 
lation) reads 



ds^ 



ds^n^ 

goojPydP 
[gooiP)/9oom ' 
—(?dt^ -\- gijdx^dx\ 



9ij 



dx^dx^ 



7^2 



(4) 



where we have trivially rescaled the coordinate time 
by a constant factor depending on O's location {t = 
[~9oo{0)]^^^t), and have identified 



9ij = 5ij7^^ 



(5) 



as the spatial metric tensor observer O would regard as 
correct (d€^ = gijdx'^dx^ is the appropriate spatial metric 
in observer O's opinion). 

The usual spacetime picture in general relativity (the 
one based on metric ds^) is operationally founded on the 
notion of a large number of observers distributed over 
space; each making local measurements with locally de- 
fined standards of time and length (the "ten thousand 
local witnesses" in the words of Taylor and Wheeler) 
[T]. We shall refer to this as the "many-observer pic- 
ture" (MO-picture) and the associated metric ds^ as the 
metric of many- observer spacetime (or MO-spacetime for 
short), and we shall call the spatial section with met- 
ric dl'^ — cjijdx^dx^ many-observer space (or MO-space). 
Similarly we shall refer to the picture based on the met- 
ric ds^ as the single- observer picture (or single- observer 
spacetime, or SO- spacetime), and we shall call the spa- 
tial section with metric di^ — gijdx''dx^ Gaussian space 
(or SO-space or G-space). The reason for calling the 
single-observer space "Gaussian space" will become ap- 
parent in Sec, [n] [We are using the over-bar to denote the 
standard MO-picture variables and no over-bar for SO- 
picture variables because most of the equations to follow 
are in the SO-picture and the notation is thereby simpli- 
fied. We use the same (unbarred) spatial coordinates 
in both pictures.]. 



One purpose of the present paper is to show that gravi- 
tational space dilation, like gravitational time dilation, is 
measurable (at least in principle) and that the relativis- 
tic radar echo delay experiment may be interpreted as a 
test of gravitational space dilation. A second purpose of 
this paper is to show that the single-observer picture is 
convenient for the calculation and interpretation of vari- 
ous results in general relativity. But before doing so, we 
address an objection that may already be in the mind of 
the reader. 

Generally speaking, measurement from a distance is 
problematic in general relativity. Therefore we should 
like to emphasize that the single-observer picture does 
not involve actual measurement from a distance. In 
a static gravitational field, regular light pulses from 
a stationary beacon cross any stationary point at the 
same rate they are emitted (in coordinate time) because 
each pulse traverses an identical time-independent field. 
Therefore slave clocks distributed at rest over space and 
ticking each time they receive a beacon pulse from O 
all tick at the same rate (no gravitational slowing), and 
any one of them can be used to reproduce O's time 
and length standards at its location. Observer O's time 
unit transferred to P is the time between ticks on the 
slave clock at P, and observer O's length standard trans- 
ferred to P is the distance light travels at P in time Tm 
(=1/299,792,458 seconds) as read on the slave clock at 
P. The metric ds"^ describes the results of measurements 
made locally with the slave-clock standards, whereas the 
metric ds^ describes the results of measurements made 
with time and length standards based on local freely- 
running, gravitationally-slowed clocks. Strictly speaking, 
this is what we mean when we say that O applies his 
own time and length standards at P. It is the same logic 
used in comparing clock rates in the gravitational time- 
dilation experiment. Therefore, no actual measurement 
from a distance is involved, though, for convenience, we 
shall often speak loosely in such terms. 

Incidentally, the slave clock readings determine a time 
at each point of space. If the slave clocks are synchro- 
nized by the Einstein synchronization procedure, then 
they read the coordinate time t {— [— goo(0)]"^/^t) intro- 
duced above for the metric ds^. This is an operational 
definition of the time t. 

The metrics ds^ and c?s^ are physically equivalent 
and conformally equivalent. They represent the same 
spacetime geometry measured with different standards 
of length and time [2]. Nevertheless, we shall refer to the 
different picture as "different spacetimes" because "in- 
variants" such as the curvature scalars R and R have 
different values in the two pictures and the metrics ds^ 
and ds^ are not related by a coordinate transformation. 

One important result which is the same in both the 
single-observer and many-observer pictures concerns the 
local speed of light. In MO-spacetime the local speed of 
light is everywhere c: d£/dfo = c or ds — (here dfo 
is the proper time on a local freely-running rest clock). 
Under the transformation (3al-(3bl [or ^] the local light 
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speed retains this value: di/dro = {d£/TZ) /{dfo/TZ) = 
d£/dfo = c (or ds = 0), where now dTo = dt is local 
slave-clock time, or "observer O's time" when we speak 
loosely. Hence we have 

Result I: In the single-observer picture the 
speed of light d£/dt has the invariant value c 
everywhere and at all times. 

The same argument shows that any speed has the same 
value in MO-space and in SO-space (or Gaussian space), 
i.e., V = v.. Note that, according to metric Q, the single- 
observer rest-clock proper time tq is the same as the co- 
ordinate time t, and we use the two interchangeably. 

In Sec. |TT]we show that light rays follow geodesies of 
the single-observer three space (geodesies of Gaussian 
space) and discuss some simple consequences of this re- 
sult. Sec. |III| addresses the radar propagation problem, 
and concludes that radar from O directly measures the 
single-observer distance J d£, and the relativistic radar 
echo delay experiment may be interpreted as an in- 
crease in this distance as the solar mass comes near 
the radar propagation path. Sec. |IV| treats particle mo- 
tion in a static gravitational field. Here we find a close 
analogy between particle motion in Gaussian space and 
that in Newtonian gravitational mechanics. This per- 
mits a clear comparison of classical and relativistic mo- 
tions without introducing approximations, e.g., perihe- 
lion precession is attributed solely to the curvature of 
Gaussian space in the SO-picture. In Sec. |V] we find 
that the gravitational acceleration of a particle at rest 
in Gaussian space, go ~ — V<I>, is determined by the 
linear Poisson equation V^<I> — —AirGpg of Newtonian 
gravitation theory (here seen to be an exact relativistic 
result) — the only difference between the Newtonian and 
relativistic gravitation theories being the non-Euclidean 
geometry of the Gaussian three-space and an energy de- 
pendent factor {fh(? /EY in the gravitational acceleration 
g = — (mc^/i?)^V$ when the particle velocity is nonzero. 
In Sec. |VI| the three-space Maxwell equations are derived 
for Gaussian space and are found to have the same vector 
forms as in flat space (not so in the MO-picture). This 
leads to a number of electromagnetic theorems, e.g.. Am- 
peres law and Faraday's law, that hold in Gaussian space 
but do not hold in the usual MO-picture. In Sec. |VII| we 
suggest a solar-system test of gravitational space dila- 
tion involving radar measurements. Sec. VIII presents 



a number of applications of the space-dilation formal- 
ism chosen to illustrate how very different the physical 
interpretations of phenomena can be in the MO- and SO- 
pictures. The paper concludes in Sec. IX with a summary 
of results. 



points Pi and P2 is the one that minimizes the coordinate 
time elapsed in propagating between the two points. 



/■P2 

S dt 
J Pi 



0. 



(6) 



Using the null condition ds^ = and ^ in Eq. ([T]), we 
find that ^ can be written as 



rP2 


gij dx^ dx^ 


IPi 


TZ^ dq dq 



-,1/2 



dq^O 



(7) 



for any parameterization x^{q) of the path between Pi 
and P2- But Eq. ([T]) is precisely the condition for the 
single-observer path length between the two points to be 
minimum, 



rP2 

S d£. 
J Pi 



0, 



(8) 



where d£'^ — gijdx^dx^ is the spatial part of the single- 
observer metric Q. 

Result II: Light rays in a static gravitational 
field are geodesies of the single- oh server spa- 
tial metric d£'^ = gijdx^dx^ , i.e., geodesies of 
Gaussian space. 

This result can be understood by noting that, in a 
space where the light speed d£/dt = c is everywhere the 
same and the differential dt is exact (so that the speed 
d£/dt is integrable), a principle of least time is equivalent 
to a principle of least distance. This does not hold true in 
MO-space where, although each local observer measures 
the same light speed dl/ dfo — c, the clocks of different 
observers run at different rates (the local proper time 
differential dfo is not exact) and it cannot be concluded 
that the MO-space distance is least. Indeed, it is well 
known that light rays do not travel the geodesies of the 
spatial metric dP — (jijdx^dx^ of MO-space. 

Let us apply Result II to the Schwarzschild line element 



dr 



-(1 - 2m/r)c'^dP + 



dr' 



(1 - 2m/r) 



r'dO?. (9) 



where d^^ = dO' + sin'' Ode/)'. The rate of a clock at rest 
at P (coordinates r,0,(j)) as viewed by an observer O at 
ro = C30 [Eq. (Il] is 



2m 



1/2 



(10) 



II. LIGHT RAYS AS SPATIAL GEODESICS 

Fermat's principle in MO-space (3] states that, in a 
static gravitational field, the path taken by light between 



Hence the spatial part of the single-observer metric Q 
specialized to the 9 — n/2 plane, reads 



d£' = 



1 



(1 - 2m/r) 



dr' 



(1 - 2m, /r) 



'dcj)' 



(11) 
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Using (p as the parameter for the trajectory r{(j)) = 
l/u(0), we easily obtain the two-space geodesic equation 
in this Gaussian space: 



^^2 



3tou 



(12) 



This is the famihar trajectory equation for light in 
the gravitational field of the sun (in which case m = 
1.48 km), here obtained as a spatial geodesic of G-space. 
The complete description of light propagation for the sin- 
gle observer consists of the trajectory r{(j)) together with 
Result I stating that light travels this trajectory with 
speed d£/dt = c. (Here the single-observer time t is just 
the coordinate time t because the observer is at infinity.). 

The interpretation of light deflection is simple in Gaus- 
sian space. According to Result II, light is bent by a 
static gravitational field solely because it is traveling the 
shortest path in the non-Euclidean G-space with metric 



dt = 



(1 - 2m/r) 



(1 - 2m/r) 



(13) 



where = dd^ + sin^6d(f)^ (Here we are not restricted 
to the 6* = 7r/2 plane.) 

MO-Picture Interpretation: The inter- 
pretation of light deflection in MO-spacetime 
is more complicated. In several books on 
general relativity we find diagrams suggest- 
ing that gravitational light deflection may 
be attributed to the non-Euclidean nature of 
three-space, but we are often not warned that 
"the light ray is not a geodesic line in three- 
dimensional space" (the quote is from Pauli 
[4]). In Will [5] we correctly learn that half 
of the light deflection may be attributed to 
the non-Euclidean MO-space and half to the 
principle of equivalence applied in a sequence 
of freely falling reference frames along the ray, 
as flrst employed by Einstein [14 . 

We now see that light rays as spatial geodesies is a 
valid concept provided we adopt the "self-centered" view 
of the single observer who uses his own length standard 
for distance measurement throughout space in place of 
the locally defined standards. 

A rewording of Result II states that the three- velocity 

— dx^ /dt of a photon (the tangent vector to the light 
ray) undergoes parallel transport in G-space. This fol- 
lows from Result II by taking q = t as the affine parame- 
ter for the ray x*'{t). The three-space geodesic equation 
[d'^x'^/dt^ + Tf^{dx'/dt){dx^/dt) = 0] is then the equa- 
tion of parallel transport [dc'^/dt — —V^^ddx^/dt] for 
the photon three-velocity in G-space, and the parallel 
transport of leaves the magnitude of this three-vector 
invariant at value c (Result I). 

Because the geodesies of G-space are the paths of light 
rays, the non- Euclidean features of this space are measur- 
able optically. Fig. [T| shows three intersecting light rays. 




FIG. 1: Three gravitationally bent light rays form a triangle 
ABC about the sun. The sum of the interior angles is greater 
than two right angles. This shows directly that the single- 
observer three-space (G-space) is non-Euclidean, because the 
light rays are geodesies of G-space. 




FIG. 2: Two light rays diverging from source S are bent by 
the gravitational field of mass M and intersect at observer 
O. The closed two-sided figure with vertex angles a and /3 
is a non-trivial "biangle" in the G-space of observer O. The 
existence of a non-trivial biangle (geodesies initially diverging 
from a point and then coming together) implies that this G- 
space is non-Euclidean. It follows that the double images of a 
quasar produced by gravitational lensing offer direct evidence 
for a non-Euclidean G-space. 



each bent by the sun's gravitational field. The interior 
angles of the triangle formed by these rays sum to greater 
than TT radians; an earmark of non-Euclidean geometry. 
Therefore, the measured deflection of light by the sun's 
gravitational field is direct evidence for the curvature of 
G-space (It is not direet evidence for a non-Euclidean 
MO-space, because light rays are not geodesies of MO- 
space) . 

In Euclidean geometry, a "biangle" is a rather unin- 
teresting closed figure with two equal sides, two equal 
angles {a — (3 = 0), and zero area (two overlapping 
line segments). However, in non-Euclidean geometry, the 
biangle can open into a non-trivial figure with finite area 
and finite vertex angles. The "football shaped" figure 
formed by two lines of longitude on a sphere meeting at 
the poles is an example of a non-trivial biangle; an "equi- 
lateral biangle" . 

Two light rays diverging from a point and brought back 
together by the gravitational attraction of a mass M, as 
in Fig. [2] form a biangle in the G-space of observer O. 

The existence of a biangle with non-zero vertex an- 
gles implies that the G-space around mass M is non- 
Euclidean. We may conclude that the double (or mul- 
tiple) images of quasars, formed by gravitational lensing 



also provide direct evidence for a non-Euclidean G-space 
geometry. 

Probably the first attempt to detect non-Euclidean 
features of three-dimensional space was that of Carl 
Friedrich Gauss. It is reported that Gauss used light 
beams between mountain tops in an attempt to detect 
a deviation from the Euclidean theorem stating that the 
sum of the interior angles of a triangle equals two right 
angles [6]. In this experiment Gauss found it natural 
to assume that light propagates along geodesies of the 
three-space. Because the geodesic character of light rays 
is the central feature of the single-observer three space, it 
seems natural to refer to this space as "Gaussian space" 
(or "G-space" for short) as we have been doing already 
for a while now. 

We note in passing that, when a carpenter looks along 
the edge of a piece of lumber to see if it is "straight," 
he is using the Gaussian-space definition of "straight," 
namely the path of a light ray as the straightest possible 
curve in three-dimensional space. 



III. RADAR ECHO DELAY 

Consider the G-space distance £ measured along a light 
ray from the observer at O to the point P. Because the 
single observer at O sees the same light speed di/dt — 
c everywhere (and because the differential dt is exact, 
i.e., the derivative d£/dt is integrable), it follows that the 
distance £ is traversed in time At = £/c. If light travels 
from O to P and back to O, the total elapsed time on the 
clock at O is given by At = 2£ / c, or £ = cAt/2, namely 
the radar range formula. We thus arrive at 

Result III: The G-space distance measured 
along a light ray from observer O to point P 
(the geodesic distance determined by the spa- 
tial metric d£'^ = gijdx^dx^ ) is the radar dis- 
tance from O to P measured using a radar 
unit at O. 

This is a useful observation. It tells us that, in a static 
gravitational field, when a single observer chooses length 
and time standards throughout space consistent (in his 
view) with his own local standards, his natural measure 
of distance is radar distance. This singles out radar dis- 
tance as more natural for the single observer than the 
other possible distance measures (MO-space proper dis- 
tance, luminosity distance, angular diameter distance, 
etc.). By the same token, radar is the natural tool for 
measuring the G-space geometry, since it measures G- 
space distance directly, at least along light rays from O 
(actually the G-space metric for observer O is measured 
by radar from any point and in any direction so long as 
the radar at that point uses the local slave-clock time t 
to measure the radar echo delay) . 

The relativistic radar echo delay has a simple interpre- 
tation in G-space. Consider the Schwarzschild geometry 



Radar Path 



FIG. 3: Radar propagates from Earth (E) to Mars (M) and 
back. The radar path length in Gaussian space is longer when 
the sun is near the propagation path (superior conjunction) 
than when the sun is far removed from the propagation path. 
This accounts for the relativistic radar echo delay. 



in isotropic coordinates: 



dr = - 



(1 



F m/2p^ 
m/2p)^ (c?a 



dy'^ -\- dz^ 



(14) 



Here a;, y, z are rectangular coordinate markers and p — 

{x^ + y'^ + z'^Y^'^. 

To an observer at infinity (pg = oo) , a stationary clock 
at radial coordinate p runs at the rate 



(1 - m/2p) 
(1 + m/2p) ' 



(15) 



Hence the G-space geometry is described by the metric 



dp 

7^2 



{l + m/2pf 
(1 -m/2p)2 



{dx^ + dy^ + dz^) . (16) 



Consider the geodesic distance in G-space from Earth 
(point E) to Mars (point M) when Mars is near superior 
conjunction and the radar path EM passes near the sun, 
as in Fig. |3] In the absence of the sun (m = 0), or 
when the sun is fa r fr om the radar propagation path, 
the G-space metric ( 16 ) is Euclidean (c?£q = dx^ dy^ 



dz ), and the geodesic path from E to M is a straight 
line of some length £o. With the sun in place near the 
propagation path (m — GMq/c^), the G-space metric is 
given by (16), and the geodesic distance from E to M 

Because the speed of light is 



I^'d£. 



is increased to £ 
everywhere c for the single observer, the increase in path 
length from E to M causes an additional radar delay 
6t = 2{£ — £o) / c over and above what would be expected 
in Euclidean space. This is the excess delay measured in 
the Shapiro relativistic radar echo experiment [7 . 

Result IV: In the single-observer picture, 
the relativistic radar echo delay is attributed 
to an increase in distance between the trans- 
mitter and target when a large mass (e.g., the 
sun) is brought near the radar propagation 
path. 

Both the bending of light and the excess radar echo de- 
lay are nicely pictured by embedding the 9 = t:/2 plane 
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FIG. 4: Embedding diagram for the 9 = n /2 plane of G-space 
in the neighborhood of the sun (schematic and not to scale). 
A light ray passing near the sun is deflected because it travels 
a geodesic path on the embedding surface. A radar pulse is 
delayed because the sun increases the geodesic distance from 
Earth E to Mars M when it is near the radar propagation 
path. The increased distance is attributed to the depression 
of the embedding surface near the sun. 



of G-space in Euclidean three-space. The embedding di- 
agram is sketched in Fig. |4j The curvature of the surface 
causes deflection of a light ray (a G-space geodesic) and 
the increased distance from i? to M is due to the depres- 
sion of the surface near the mass Mq . 

MO-Picture Interpretation Interpreta- 
tion of the radar delay is more complicated in 
MO-spacetime. In MO-space, half of the de- 
lay is attributed to an increased path length 
and half to gravitational time dilation along 
the propagation path [8j. 



IV. PARTICLE MOTION IN G-SPACE 

It is of interest to learn how material particles move in 
the three-space for which light rays define geodesies. We 
find that the single-observer picture of particle motion is 
very much closer in spirit to Newtonian mechanics than 
to the usual formulation in general relativity. This allows 
a clear comparison of Newtonian and relativistic motions 
without approximation. 



A. Equations of motion 

Particles travel on geodesies of MO-spacetime: 

S J df^O, (17) 

where r is the proper time at the moving particle as mea- 
sured with a locally defined time standard (MO-picture) . 

TZdr, and noting that the 
-ds^/c^) obeys 



Using equation (Sal, dr 
proper time in t 



le SO-picture (dr^ 
the same motional time dilation formula as in special 
relativity, 



dr = ^l-v'^lc^dt, (18) 

where = dP /dt^ = gij{dx^ /dt){dx^ /dt)) is the squared 
speed of the particle in G-space, equation (17 1 indicates 



that particle motion is derivable from the three-space La- 
grangian 



L 



'TnC^n 1 



1/2 



-fhc^n 1 



gij dx^ dx'-> 
~cp~dt~dt' 



1/2 



(19) 



here written in terms of G-space variables. We have 
added the inessential constant factor —fhc^ for later con- 
venience of interpretation, where rfi is the rest mass in 
the MO-picture (a constant). From this Lagrangian we 
obtain the momentum 



Pk 



dL 
d{dx''/dt) 
ffiTZvk 



conjugate to coordinate x'', where Vk 
gkidx^ /dt. The Hamiltonian 



(20) 



gkiV 



H 



= pkv'' - L 
_ mc^n 

= E, 



(21) 



is the conserved energy E of the particle. Note that in 
Gaussian space indices are lowered and raised with gij 
and it's inverse g*^, respectively. From the Lagrangian 
( 19 1 there follows the equation of motion in G-space 



2^fc 



d X 
~dt^ 



dx^ dx^ 
'~dt~dt 



mc 



9$ 

dxk 



(22) 



where F*^ = (l/2)g*'(9j.g/i + digij - digij) are the G- 
space Christoffel symbols, we have used the constancy of 
E in the derivation, and 



2 



(23) 



is the "Newtonian gravitational potential" in G-space 
(the justification for this terminology will become appar- 
ent in Sec. |v|. From Eq. (22 1 we see that, as the particle 
approaches light speed {E >> fhc?), the term on the 
right vanishes and the particle moves on a geodesic of 
G-space, as do photons. 



Notice that the Lagrangian 



L = —mc^\/l — I (?■ 



the energy 



E = 



and the momentum 



(24) 



(25) 



(26) 
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in G-space all have the same forms as in special relativity, 
provided we identify the position-dependent quantity 



m(x) = m7?.(x) 



(27) 



as the rest mass of the particle in the SO-picture. On this 
interpretation, the position-dependent rest energy of the 



particle. 



— mc TZ, plays the role of a gravitational 



potential energy in G-space, as can be seen in the non- 



relativistic (u <C c ) limits of the lagrangian (24 1 [L 



mii^/2 — m(x)c^] and the energy (25 1 [E — mv'^/2 
m(x)c^]. 

In fact, the interpretation of the rest energy m(x)c^ as 
a gravitational potential energy is fully relativistic. The 
G-space energy E and three-momentum combine to 
form a four-vector momentum 



c ar 



(28) 



in the SO-picture. This is related to the MO-picture 
momentum = fhdx^ /df by the conformal transfor- 
mation law 



P^ = TZ P^ 



(29) 



In the absence of non-gravitational forces, the four- 
momentum is parallel transported in MO-spacetime 
[dPt'/df + f^f^P'^dxf'/df = 0]. But this equation is 
not conformally invariant. In the SO-picture, the four- 
momentum ( 28 1 obeys the equation of motion 



DP^' 
dr 



dPf" 



d{mc?) 



(30) 



in which the rest energy m(x)c^ manifestly plays the role 
of a scalar potential energy. 

Result V: Although there is no true grav- 
itational force in the MO-picture, i.e., the 
momentum obeys the "law of inertia" 
DP'^/df = and is constant in a local in- 
ertial frame, the momentum P^ — Ti?P^ 
of the SO-picture changes due to the action 
of a gravitational four-force f^ = —dV/dx^ 
derivable from a scalar potential V — mixjc^ 
that is the rest energy of the particle in this 
picture: 



DPi" dPf" 



dr 



dr 



dr 



dV 

dxu. 



(31) 



Notice that the "Newtonian gravitational potential" 
the "gravitational potential energy" V , and the "atomic 
rest-clock rate" TZ all contain the same information: 



2$ 



V 



TZ^ 



(32) 



The potential energy I^(x) determines the rate of change 
of momentum , the gravitational potential $ (together 



with the particle mass m and its energy E) determine the 
three-acceleration of the particle in G-space [Eq. (22l], 



and the scale factor 7?.(x) is the ticking rate of a free- 
running atomic clock on the time scale of observer O's 
local clock. 



B. Newtonian Analogy 



The exact relativistic equation of motion in G-space 



( 22 1 is quite similar to the Newtonian equation of motion 



in curvilinear coordinates 



d^x'^ 
'dt^ 



r 



dx'- dx^ 

'lulu 



d<t> 

dxk 



(33) 



Formally, the only difference is the constant factor 
{fhc^/E)'^ on the right in the G-space equation (22 1. 
When the particle moves slowly {E « fhc^), the two 
equations are formally identical, and when the particle 
moves fast {E ^ ffic'^), the factor (fhc^/E)'^ turns off 
the gravitational acceleration. The quantity on the left 
in equation ( 22 1 is the acceleration of the particle in G- 



space (the absolute acceleration), which, in this case, is 
the acceleration due to gravity g'^ in G-space. Thus we 
have 

Result VI: For a slowly moving particle 
(E « fhc^ ), the acceleration due to gravity in 
Gaussian space is derivable from the "Newto- 



nian gravitational potential" $ = c TZ /2 as 



go 



(34) 



As the speed of the particle increases, the 
gravitational acceleration g decreases by the 
factor {fhc^ /EY which is a constant of the 
motion: 



mc 
~E 



(35) 



As the particle approaches the speed of light 
(E 3> fhc?), the gravitational acceleration 
tends to zero and the trajectory of the particle 
approaches a G-space geodesic. 

Result VI helps to clarify certain curious results of gen- 
eral relativity. Consider the problem depicted in Fig. [5] 
which is said to have puzzled Einstein some years after 
the development of general relativity. 

Light propagating from A to B through the mass M 
has its propagation time delayed from what it would be 
without the mass present, but a non-relativistic parti- 
cle traveling the same path arrives at B sooner than it 
would without the mass M present. How can light be 
slowed and particles be hastened along the same path in 
the same gravitational field? In the SO-picture the an- 
swer is clear. The delay for light, as for radar, is due to 
the increased G-space distance between A and B when 
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M 



B 




FIG. 5: The straight path from A to B passes through mass 
M. With the mass in place, hght takes longer to propagate 
from A to B than without the mass present, whereas a non- 
relativistic material particle travels from Ato B faster with M 
present than without. How can light be slowed and particles 
hastened along the same path in the same gravitational field? 



the mass M is in place. The material particle must also 
travel the longer path between A and B, but unlike the 
photon which experiences no gravitational acceleration 
in G-space (g = 0), a slow material particle experiences 
the Newtonian acceleration go = — V<i>, which increases 
the particle's speed as it nears and crosses the mass M, 
thus decreasing the travel time. Hence the particle ar- 
rives sooner and the photon later because the particle 
experiences a gravitational acceleration in G-space and 
the photon does not. 

MO-Picture Interpretation: For compar- 
ison, we note that the acceleration due to 
gravity in MO-space (the absolute accelera- 
tion on the time scale of the coordinate time 



ax 

Hp 



^ -fc dx' dx^ 



dt dt 
d4> I f d4> dx^ 
dxk 4> \dx'- dt 



dx^ 
~d±' 



(36) 



is not the gradient of a scalar potential alone, 
but in addition contains a velocity-dependent 
term that enforces the speed limit dl/df^ < 
c in MO-space [here f = {l/2)g''\djgu + 
diQij ~ diQij) are the ChristofFel symbols in 
MO-space and 



1 



(37) 



is the low-speed gravitational potential in this 
space] . 

There are two fundamental differences between the G- 



tion of motion ( 33 1 
factor {fhc^/E) 



space equation of motion ( 22 ) and the Newtonian equa 



The first (a local difference) is the 
discussed above. The second difference 



(a global one) is the curvature of Gaussian space for equa- 
tion (22) whereas the space for the Newtonian equation 
(l33l) is flat. 



In the following section we learn that this 
difference accounts for the perihelion precession of plan- 
etary orbits. 



C. Relativistic Kepler Problem 

In Schwarzschild geometry (|9]), the "Newtonian gravi- 
tational potential" (23) for an observer at infinity is 



GM 



c 
2" 



(38) 



Apart from the additive constant c^/2, this is formally 
identical to the Newtonian gravitational potential for this 
problem [the additive constant is, of course, arbitrary in 
Newtonian theory, but fixed by equations (|2| and ( 23 1 in 
the SO-picture of general relativity]. The gravitational 
acceleration in G-space, Eq. (35 1, reads 



mc 
~E 



(39) 



The constant factor {fhc^ /E)"^ in this equation is equiv- 
alent to a change of the central mass M by this factor; 
a change which is entirely negligible for planetary mo- 
tions in the solar system (the change is less than one 
part in 10^ for planet Mercury in the sun's field, and Mq 
is known only to about four significant figures anyway). 
Moreover, a small change in the strength of the Newto- 
nian inverse-square acceleration makes no contribution 
to the perihelion motion (such a change acting alone still 
gives closed elliptical orbits). Therefore, the precession 
of perihelion can only be attributed to the non-Euclidean 
character of G-space: 

Result VII: In the single-observer picture, 
the relativistic precession of perihelion of 
planetary orbits is due exclusively to the cur- 
vature of Gaussian space. 

Let us show this explicitly. In the = tt/2 plane 
of Schwarzschild space, we write the G-space metric, 



Eq.(ll), as 



1 



(1 - 2m* /r) 



dr^ 



(1 - 2m* /r) 



(40) 



with a star on m* so that we can "turn off" the curva- 
ture of G-space by setting m* = 0, without changing the 
gravitational potential (38 1 [this is, of course, an artificial 



procedure, but one that allows us to isolate the effect of 
G-space curvature]. 

The orbit equation for the variable u((f>) — \/r{(j)) is 
derived from from the equation of motion ( |22[ ) in the 
usual way. The result is 



where 



d(l)^ 



GM 



+ 3m* M , 



2m* 



d(j) 
'dt 



dt 



(41) 



(42) 
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is a constant of the motion (the angular momentum per 
unit mass), and we have replaced {ffic^/E)'^ by unity be- 
cause the difference is negligible for any planetary motion 
in the solar system. 



The first term on the right in (41) (the Newtonian 
term) comes from the potential ( 38 1 , whereas the sec- 
ond term (the relativistic term) comes from the G-space 
metric ( 40 1 and gives rise to the observed advance of 
perihelion. But, if we turn off the curvature of G-space 
by setting m* — 0, equation (41 1 is then the Newtonian 
orbit equation with no precession of perihelion. In this 
sense the precession [Scfi = 67rm*/a(l — e^) per revolution, 
where a is the semi-major axis and e the eccentricity of 
the orbit] is a direct measure of the curvature of G-space. 

MO-Picture Interpretation: Interpreta- 
tion of perihelion precession is more com- 
plicated in MO-spacetime. Will [S] identi- 
fies three separate significant contributions 
to the perihelion precession (three significant 
terms in the PPN expansion): (1) curvature 
of MO-space, (2) a velocity dependent part of 
the gravitational force, and (3) a non-linear 
term proportional to the square of the grav- 
itational potential; the relative contribution 
of these effects being coordinate dependent. 

It is noteworthy that the single-observer interpreta- 
tion attributes the perihelion advance to a single cause 
(the curvature of G-space) and this interpretation is ex- 
act rather than approximate. 



V. THE GRAVITATIONAL POTENTIAL IN 
GAUSSIAN SPACE 

Let us derive the field equation for the "Newtonian 
gravitational potential" 



2 



(43) 



in G-space. The exact result is surprisingly simple and 
familiar. 

To begin, the metric ds^ in the MO-picture is written 
in terms of G-space variables as 

ds^ = n^ds'^ = {-c^dt^ + g.jdx'dx^) . (44) 

Hence the metric tensor in the MO-picture reads 



900 
9oi 



n'^9tj, 

gio = 0. 



(45) 



From this we construct the 00-component of the Ricci 
tensor in the MO-picture. The result. 



1 



00 



27^2 



1 d / 

yfg dx'^ \ dx^ 



(46) 



is the left hand side of the Einstein equation 

i?oo = 8^G(roo - ffooT/2)/c4. (47) 

To evaluate the right hand side of this equation in the SO- 
picture we need the conformal transformation law for the 
stress-energy tensor Tap. The simple case of pressureless 
fluid (^T^^" = pqU'^U'^) determines this transformation 
law as follows. The transformation for the mass density 
in the rest frame of the fluid [which is po = dfh/{d£)^ in 
the MO-picture and po = dm/{diY in the SO-picture] is 
determined by the transformation laws for mass {dm — 
ndfh) and length {di = dl/n): 



Pa = 11 Po- 



rn 



The transformation for the fluid four-velocity U'^ [which 
is t/^ = dxf^/df in the MO-picture and — dx^^/dr in 
the SO-picture] is determined by the transformation law 
for proper time (df = TZdr) : 



(49) 



Hence the stress-energy tensor in the SO-picture, T'^" 
PqU'^U'^, is related to the stress-energy tensor T^'^ 
PoUf^U" of the MO-picture as 



(50) 



and lowering indices with the metric, which transforms as 

All of these conformal transformation rules are consis- 
tent with the general transformation rule derived in the 
Appendix. Finally, the 00-component of Einstein's equa- 
tion ( 47 ) becomes the field equation for the gravitational 



potential in Gaussian space: 

Result VIII: The acceleration due to gravity 
for a particle at rest in Gaussian space, go = 
— V<i>, is derivable from a potential $ which 
satisfies the same linear Poisson equation as 
in Newtonian gravitation theory, 

^ AirGpg, 

with active gravitational mass density 

Pg = (2Too - gooT)/c^ 

acting as the source of gravitational field. 
This is the ultimate justification for calling 
$ the "Newtonian gravitational potential" . 



In view of this result, the equations for the "Newtonian 
gravitational field" go in G-space can be written as 



(51) 



(52) 



V - go = -AnGpg, 
Vxgo = 0. 



(53) 



The first of these, when integrated over a volume V with 
closed surface S, gives the gravitational Gauss law in G- 
space: 
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Result IX: The flux of go through any closed 
surface S in G-space equals AnG times the 
total active gravitational mass Mg inside the 
surface: 



whe 



go • da = AnGMg 



Jv 



(54) 



(55) 



This result follows because the divergence theorem 
holds true in a non-Euclidean three-space as well as a 
Euclidean one. 

Result IX may be used to operationally define the mass 
Mg inside a closed surface in G-space in terms of the field 
go on that surface (without the space being asymptoti- 
cally flat), or to calculate the gravitational field go in 
cases of simple symmetry, just as the electric field is cal- 
culated using the electrostatic Gauss law in a fiat space. 

MO-Picture Interpretation For compari- 
son, we note that the exact field equation for 
the "gravitational potential" = —c^ 500/2 
in MO-space (the potential whose gradient 
gk — —d4>/dx'' is the rest acceleration due 
to gravity in this space) is the 00-component 
of Einstein's equation Rf^^, = (87rG/c^)(7)t^ — 
gfiuT/2), namely the non-linear equation 



V0- V0 

2^ 



= AttGp, 



(56) 



where pg = (2Too ~ 9ooT) l(? is the density of 
active gravitational mass in MO-space. There 
do not appear to be any simple exact results 
in the MO-picture analogous to Results VIII 
and IX in SO-space. 



The linear Poisson equation (51 1 for the gravitational 



potential <f> in G-space is an exact, fully relativistic re- 
sult valid for any static gravitational field. This result is 
surprising because the Einstein equation, from which it 
is derived, is clearly non-linear. 



VI. ELECTRODYNAMICS 

In MO-spacetime the electromagnetic field is gov- 
erned by Maxwell's equations 



and 



V^F^^ V^F^^ -I- V^F^^ = 0, 



- - 47r - 

V^F'"' = J^, 

c 



(57a) 



(57b) 



where 3^ = (cp, j) / 500 is the four-current density, 
determined by the charge density p and current density j 



in MO-space and V^j is the covariant derivative based on 
the MO-metric gap- The motion of a particle of charge 
q and mass m is described by the Lorentz equation of 
motion 



dP^" 



- dx^ 
df 



c dr 



(58) 



where P'' — mdx^ /dr is the four-momentum of the par- 
ticle and f it's proper time. 



The Maxwell equations (57 1 are conformally invariant 



By this is meant that, if under the conformal transforma- 
tion gafi — cjap/Ti-'^ the field tensor and current density 
transform as 



and 



(59) 



(60) 



respectively [or equivalently F^^^ — Ti?F^^ (or F'^" = 
TZ'^F'^^) and = 7?.^ J^], then, after the conformal trans- 
formation. Maxwell's equations have the same four-space 
forms as before, namely 



V^F.^ + V^F, 



and 



V^F^'" = J^, 

c 



(61a) 



(61b) 



where Vj^ is the covariant derivative appropriate to the 
SO-metric gap and = (cp,j) is the four-current den- 
sity in SO-spacetime. 



The equation of motion (58 1 is not conformally invari- 
ant. In SO-spacetime the equation of motion reads 



~d^ 



^ ap^ 



"d7 



dV 
dx„ 



'-F^', 



dx" 



(62) 



where V"(x) — to(x)c^ is the rest energy of the particle 
in this picture, and we have used F^i, — 7i?Fj^, dr = 
df/n, P'" = n^P^', and g = ^ in the derivation. The 
charges q and q in the SO- and MO-pictures, respectively, 
are set equal to one another (as opposed to some other 
transformation law q = TZ^q with s 7^ 0) so that the 
mere motion of a single charge does not violate charge 
conservation in the SO-picture. This also follows from 
the charge conservation law V ^J^ = in SO-spacetime, 



which is derivable from (61b I 



This completes the four-space formulation of classical 
electrodynamics in the SO-picture. But our interest here 
centers on the forms taken by Maxwell's equations in the 
Gaussian three-space and how these compare with the 
corresponding equations in MO-space. As we shall see, 
the conformal invariance of the 4-space Maxwell equa- 
tions does not imply that the 3-space Maxwell equations 
are the same in the MO- and SO-pictures because the 
metric elements 500 ^J^d 500 (— ~1) S'l'e different in the 
two pictures. 
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A. Maxwell's Equations in MO-Space 

There have been several three-space (or "3+1") formu- 
lations of Maxwell's equations in the MO-picture, all of 
which seem to have certain "unphysical" features. Here 
we consider two of them. 

Perhaps the earliest formulation is the one in which the 
electrodynamic equations in a static gravitational field 
are formally identical to the Maxwell equations in a ma- 
terial medium: 



VD 
V B 

c at 



V X E- 



1 dB 



with constitutive relations 
D 

H 



E 



B 



47rp, 
0, 

—J, 

c 
0, 



B 

M 



(63a) 
(63b) 

(63c) 
(63d) 

(64) 
(65) 



corresponding to a medium with "dielectric constant" e 
and "magnetic permeability" /i given by 



^_ 1 _ 1 



(66) 



In equations ( 63 1 , V • D and V x E are the divergence 



and curl in MO-space (the three-space with metric gij). 
Equations (63) are derived and studied in Landau and 



Lifshitz [To . We shall refer to them as the "material 
Maxwell equations" . 



It is pleasant that the Maxwell equations ( 63 1 take the 



familiar forms for electrodynamics in a material medium, 
but the interpretations of e as a dielectric constant and of 
/2 as a magnetic permeability of space are without physi- 
cal foundation (empty space contains neither the electric 
charges to be a dielectric medium nor the electric cur- 
rents to be a magnetic one). Moreover, the electric field 
E in the material Maxwell equations is not the electric 
field measured locally (it is more a formal field than a 
physical one). For these reasons, the material Maxwell 
equations must be viewed as "unphysical" . 

An important step toward physical clarity was taken by 
Thorne and Macdonald [TT and others T2] , in connection 
with the membrane paradigm for black holes. In this 
approach, the electric and magnetic fields 



V~9oo V~9oo 



and 



2 



(67) 



(68) 



are those measured locally using the traditional time and 
length standards of the MO-picture. For these fields, the 
three-space Maxwell equations read 



V • E 

V B 



47rp, 
0, 



1 dB 

c~d¥ 

1 aE 



-V X (aE), 

- Att - 
V X (aB) aj, 

c 



(69a) 
(69b) 



(69c) 
(69d) 



where a — \/—goo is called the "lapse function," and p 
(= p) and j {= j/\/—goo) are the locally measured charge 
and current densities. 



Equations ( 69 1 are not in the form of Maxwell's equa- 
tions for a material medium. However, they do ascribe 
electric and magnetic properties to empty space, e.g., the 
Schwarzschild surface behaves in many respects like a 
conducting membrane, and this is often useful, though 
in reality there are no electric currents in this surface. 

It is desirable, for aesthetic as well as practical reasons, 
to have a three-space formulation of Maxwell's equations 
that is "true to the physics" in the sense that it does 
not assign electric or magnetic properties to empty space 
where there are no charges or currents. In the next sec- 
tion we show that the SO-picture provides such a formu- 
lation. 



B. Maxwell's Equations in Gaussian Space 

In order to define electric and magnetic fields appro- 
priate to the SO-picture, we multiply equation of motion 
62 1 by dr/dt = mc^ /E and note that, for the SO-metric 
only the spatial components F'^j of the Christoffel 



symbols F^^ are non-zero. The spatial components of 
the result are 



~dF 



dp'' 
~dt 



,dx3 



'■'^ dt 
mc^\ dV 



q\F\+ -F^, ) , (70) 



and the time component reads 



DP° 
dt 



d 
dt 



(71) 



where 



E dx^ /dt, p*' = mdx /dr, E = 
1 — I c? (no longer a constant of the mo- 
tion), and, as before, m — mR, and q — q. Note 
that the "Newtonian gravitational three-force" Fq = 
— {m(?/E)dV/dxk vanishes as the particle speed ap- 
proaches c (as EjvrK? oo), and the electromag- 
netic three-force has the Lorentz form \F^ = q{E'' + 
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e^^jV'^B^ /c)] if and only if the electric and magnetic fields 
in G-space are defined as 

1 



2^ »J 



(72) 
(73) 



and so 



3 



e'l'Bk, 



(74) 
(75) 

where e^ij is the permutation tensor in G-space [ckij — 
^ekij and e^^^ — g^^euj, where eijk is the permutation 
symbol and g — det(gij)]. Thus we have 

Result X: The equations of motion in Gaus- 
sian space read 

„2 ^ 



dp 



mc 
~E 



Vy + g E 



X B 



dE 
~dt 



qE ■ 



(76) 



(77) 



where dp/dt is 
in G- space of the 



the absolute derivative 

three-momentum p 
■ the electric and mag- 



netic fields in Gaussian space, E and B, are 
related to the electric and magnetic fields E 
and B measured locally in MO-space by the 
conformal transformations 



E 
B 



(78) 
(79) 



The gravitational force Fq — ^{mc^ j E)'^V 
in Gaussian space tends to zero as v ~* c be- 
cause E ^ oo in this limit. 

Just as E and B are the locally measured fields in MO- 
space (measured using length and time standards based 
on a local free-running atomic clock) , E and B are locally 
measured fields in the SO-picture (measured using time 
and length standards based on a local clock that is slaved 
to our single-observer's clock by time signals). Thus E 
and B are the physically correct local fields in the view 
of our self-centered observer (the fields are "corrected" 
for time and space dilation at the location under con- 
sideration). Using (78 1 and fTO]) in equations (69 1 and 



expanding those equations in terms of G-space variables 
(specifically going over to G-space covariant derivatives 
in place of MO-space ones), we obtain the Maxwell equa- 
tions in G-space: 



Result XI: The Maxwell equations in Gaus- 



sian space, 



V X B 



V X E- 



V -E 

V B 

1 dE 

c~dt 
1 dB 

~cl)t 



47rp, 
0, 

Ait . 

—J, 

c 

0, 



(80a) 
(80b) 

(80c) 
(80d) 



are formally identical to the Maxwell equa- 
tions in the absence of a gravitational field; 
the only difference being the divergence and 
curl in these equations are the ones appro- 
priate to the non-Euclidean G-space metric 
gij instead of the flat-space metric of classi- 
cal physics. The charge and current densities 
in Gaussian space are expressed in terms of 
those measured locally in the MO-picture by 
the conformal transformation laws 



P 
j 



(81) 
(82) 



The charge and current densities in G-space, equations 
(81 1 and (82 1, are the physically correct ones in the view 



of our single observer: p is the charge per unit volume as 
measured with the single-observer length standard and 
j is (0 times the velocity of this charge measured using 
single-observer time t. 

Equations (80al-(80dl show that, in G-space, the di- 



electric constant and magnetic permeability of the vac- 
uum are unity everywhere (e = ft = 1), and there are no 
fictitious electric or magnetic properties of empty space 
in this picture. 



C. Gauss' law, Faraday's law, and Ampere's law in 
Gaussian Space 

In the non-Euclidean G-space the integral theorems of 
Gauss and Stokes' apply in there usual forms: 



V -Wdv 



W -da. 



/" (V X W) • da = / W 

Js Jc 



dl, 



(83) 



(84) 



where W is any well behaved vector field, is a volume 
in G-space (with volume element dv — J^gcPx) bounded 
by the closed surface 5 in ( 83 1 . In Eq. ( 84 1 5 is an open 



surface with area element rfa bounded by the closed con- 
tour C with displacement element dl along the contour. 
Applying these theorems to the Maxwell equations 



(80 1, we obtain the integral forms of Maxwell's equations 



in G-space: 



E • da 



B da 



E-dl 



Bdl = 



47r / pdv, (85a) 
Jv 

0, (85b) 

B • da, (85c) 

/ j • da+ --f / E • da, (85d) 
Js c dt Js 



1 d f 
c dt Js 
in 
c 



IS i'U,t,j5 

Thus we have the following electromagnetic laws in 
Gaussian space which are familiar from fiat-space elec- 
trodynamics: 
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Result XII (Gauss' Law): The flux of the 
electric field through any closed surface in G- 
space is A-k times the total charge inside the 
surface. 

Result XIII (No Magnetic Monopoles): 

The flux of the magnetic field through any 
closed surface in G-space is zero. 

Result XIV (Faraday's Law): The elec- 
tromotive force (the line integral o/E around 
the closed contour C) is — 1/c times the rate 
of change of the flux o/B through any surface 
S having the contour C as edge. 

Result XV (Ampere's Law): The line in- 
tegral o/B around a closed contour C equals 
Att/c times the total current passing through 
the contour, including the displacement cur- 
rent 



— — / E da. 

An dt Js 



(86) 



These results imply that Faraday's picture of electric 
and magnetic field lines is applicable in G-space. As in 
flat space, these laws are useful for the calculation of 
electric and magnetic fields when the symmetry of the 
problem is simple. The only substantive change is that 
lengths of contours and areas of surfaces are calculated 
using the non-Euclidean G-space metric instead of the 
flat-space metric of classical electrodynamics. 

MO-Picture Interpretation: It is impor- 
tant to note that, generally speaking, Results 
XII through XV do not hold true in MO- 
space: 

• Result XII implies that electric field lines in G- 
space start on positive charges, end on negative 
charges, or go off to spatial infinity (if such exits). 
That is to say, electric field lines do not start or end 
in empty space [this is not the case in MO-space 
where electric field lines can begin or end in empty 
space due to an inhomogeneous dielectric constant 
of the vacuum]. 

• Result XIII states that magnetic field lines neither 
begin nor end in G-space. This means, as in Eu- 
clidean space, that either magnetic field lines form 
closed loops or else they go off to spatial infin- 
ity (if such exits) [this result does not apply in 
MO-space where an inhomogeneous permeability of 
empty space can cause magnetic field lines to begin 
or end in vacuum]. 

• Result XIV, Faraday's Law, applies in MO-space 
as well as G-space when we employ the material 
Maxwell equations (57 1, but does not apply in MO- 



space when using the Maxwell equations for locally 
measured fields ( 69 1 . 



• Result XV, Ampere's Law with displacement cur- 
rent, does not apply in MO-space for either the ma- 



terial Maxwell equations ( 57 1 or the Maxwell equa- 



tions for locally measured fields ( 69 ) 



VII. A POSSIBLE DIRECT TEST OF 
GRAVITATIONAL SPACE DILATION 

The formalism of gravitational space dilation is based 
on the scaling laws 



dT 

dl 



d£ 

7^' 



(87a) 
(87b) 



relating the locally measured time df and length d£ to 
the time dr and length d£ measured by a distant observer 
O. As noted earlier, Eq. (87a) has been well tested in 



gravitational time dilation experiments. 

In the present section we show that, in principle, space 



dilation [Eq. (87bl] can also be measured directly, and 
that a solar-system test of space dilation seems to be 
within the capability of current technology. 

But hasn't space dilation already been tested in the 
relativistic radar echo delay experiment? Placing the 
sun's mass near the radar propagation path increases the 
length of that path in Gaussian space and this nicely 
accounts for the additional radar delay. Isn't this a di- 
rect test of gravitational length dilation? The answer 
to these questions is in the negative. The radar delay 
experiment measures the difference in radar path length 
(G-space distance) with the sun "near to" and "far from" 
the rada r pro pagation path, whereas the space dilation 
formula ( 87b I relates the proper lengths d£ and d£ of a 



single spatial interval measured by local and distant ob- 
servers (the proper lengths in the MO- and SO-pictures, 
respectively) in a single fixed gravitational field. These 
are quite different concepts and should not be confused. 
To test the space dilation formula (87b I one must mea- 



sure d£ and d£ independently and then determine whether 
or not these results are related by equation (87b I. Fortu- 
nately, the two lengths £ and £ (they are, of course, finite 
in any experiment) can both be measured by means of 
radar. The MO-picture proper length £ is the radar dis- 
tance measured locally by a radar located, say, at one 
end of the interval £ with a transponder at the other end 
(we assume that the gravitational potential is essentially 
constant over this length). And, as shown in Sec. Ill 
the SO-proper length £ of the same spatial interval is 
measured by a radar located at our distant observer O, 
perhaps using transponders at both ends of the interval 
£ (or £) 

In a solar-system experiment this might be accom- 
plished as depicted in Fig. |6] Two spacecraft, A and 
B, orbit the sun with proper distances £ and £ between 
them in the MO- and SO-pictures, respectively. A and B 
are equipped with radar transponders and A also has an 
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FIG. 6: Spacecraft A uses radar to locally measure the dis- 
tance £ to spacecraft B in the sun's gravitational field and 
transmits this information to Earth. This is the proper dis- 
tance in the MO-picture. Observer O on Earth uses radar to 
measure the same displacement AB from his distant location 
and obtains the dilated value £ = £/TZ. In this way the space- 



dilation formula ( 87b I may be tested, at least in principle and 
perhaps in practice. 



on-board radar for measuring the distance £ to B, and a 
radio transmitter for sending this information to Earth. 
At the moment under consideration, A, B, and Earth he 
on a G-space geodesic (a light ray) so that radar from 
earth measures the G-space distance £ directly. In this 
way £ and £ for the interval AB are independently mea- 
sured and one can check that the space dilation formula 
£ — £/TZ is satisfied. 

This is, of course, an extremely idealized experiment. 
In practice, the spacecraft A and B would not be lined up 
so neatly, and the Earth-based observer would measure 
the projection £cos9 of the length £ onto his line of sight, 
requiring knowledge of the angle 9 between AB and the 
line OA extended (presumably this could be obtained 
from orbital calculations). Then there is the problem of 
the motions of A, B, and Earth during the propagation 
of radar pulses, and so on. Therefore, our description 
of the experiment is very crude indeed. Nevertheless, 
an order-of-magnitude estimate based on the accuracy 
achieved in passed radar delay experiments suggests that 
such an experiment might be within the capability of 
existing technology. 



VIII. APPLICATIONS 



In this section we apply the single-observer formalism 
to a number of simple problems chosen to emphasize how 
very different physical interpretations can be in the MO- 
and SO-pictures. 



In the MO-picture, an electromagnetic wave (or pho- 
ton) propagating from point A to point _B in a static 
gravitational field experiences a change in frequency from 
/a to /b described by the gravitational red-shift formula 



Ib n{B) 



IgoojA) 

300 (B)' 



The fundamental scaling law t = f/TZ for time inter- 
vals from the MO-picture to the SO-picture implies the 
scaling law / = TZf for frequencies. Hence the gravita- 
tional red-shift relation ( 88 1 becomes 



(89) 



in Gaussian space (these are the frequencies measured 
with slave-clock time standards at A and B). 

Result XVI: In the SO-picture, the fre- 
quency and wavelength of an electromagnetic 
wave (or photon) are unchanged by propaga- 
tion in a static gravitational field. 

In G-space the wavelength X — c/f is also unchanged 
because c and / are unchanged (our single observer holds 
the view that the frequency shift in the MO-picture is a 
spurious effect resulting from the use of local time stan- 
dards that run at different rates at different points in the 
gravitational field, as opposed to using a single global 
time that increases at the same rate everywhere). 

Because the photon frequency / is unchanged by prop- 
agation in the SO-picture, the photon energy E = hf is 
also unchanged. The relevant conformal transformation 
laws are / — TZf, h = h, and E = TZE, i.e.. Plank's 
constant is the same in the two pictures (see Appen- 
six A for a derivation). The gravitational "red shift" 
in the SO-picture is attributed to a change in atomic 
rest energy with position [mc^ = m7?.(x)c^]. Each en- 
ergy level of the atom changes in this way with posi- 
tion and, therefore, an atomic transition that is in res- 
onance with light of frequency / at one point of space 
will not be in resonance with the same light wave when 
moved to a different location. The change in an atomic 
energy level is the work done in lifting the atom (qua- 
sistatically) against the "Newtonian gravitational force" 
F = —VV = — V(mc^). Hence, in the SO-picture, there 
is no "gravitational red shift of light" but instead a shift 



of atomic energy levels En 



rUnC . In the SO-picture, 



the position-dependent energy levels of the atom E„{ii) 
show themselves in two ways: (1) the principle of virtual 
work tells us that an atom in state n experiences a grav- 
itational force F — — VEn, and (2) the change in atomic 
transition frequencies ujnm = (^-ji ~ -E'm)/^ accounts for 
the gravitational "red shift" observations. 
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B. Falling Toward a Black Hole 

Consider a particle falling radially inward from rest at 
r = oo to a spherical black hole of Schwarzschild radius 
Ts = 2m. At radial coordinate r it's inward velocity on 
the time scale of a distant observer (proper distance di 
traveled in coordinate time di) is 



/ 2mc^ 



dt 



1-^Y 

r \ r I 



This well-known result in the MO-picture states that the 
speed of the falling particle first increases and then tends 
to zero as r — > 2m in such a way that the particle never 
crosses the Schwarzschild sphere at r — 2m. It hovers 
just outside of this sphere indefinitely. In fact, the accel- 
eration of the particle on this time scale. 



9r 



dVr 

~dl 



mc 



4m 
r 



2m 
r 



(91) 



is radially outward {gr > 0) for r < 4m! It is this "re- 
pulsive gravitational acceleration" that slows the particle 
and prevents it from crossing the Schwarzschild sphere. 
Such is the accepted description of falling-particle mo- 
tion for a distant observer in the MO-picture. It is a 
counter intuitive description if our intuition tells us that 
the gravitational acceleration ought always to be inward. 

In the SO-picture, the speed of the falling particle in- 
creases monotonically on the time scale i = f of the ob- 
server at infinity. 



di 



2mc^ 



(92) 



fortuitously having the same form as in Newtonian me- 
chanics, with no outward gravitational acceleration (the 
velocity increases to = c at r = 2m). How can this 
velocity of fall possibly be consistent with the distant ob- 
server's observation that the particle never reaches the 
Schwarzschild surface? The answer is that, whereas the 
proper distance from any initial radial coordinate r — ro 
to r = 2m, namely 



dr 



2m v^l - 2m7 r ' 



(93) 



is finite in the MO-picture, the same interval (2m, rg) 
has infinite proper length 



dr 



1 — 2m/r 



(94) 



in the SO-picture. So the particle never reaches the 
Schwarzschild surface in the SO-picture simply because 
the G-space distance to that surface is infinitely great. 
This conclusion is consistent with radar measurements 
made from any finite radial coordinate r = rp. Because 
proper distance in the SO-picture is radar distance, the 



radar distance to the falling particle increases without 
bound as the particle approaches r = 2m, and there is 
never a radar return from the Schwarzschild sphere, as 
one would expect for an infinitely distant object. 



C. Propagation of Photon Polarization 



In local Cartesian coordinates at an arbitrary point of 



(90) 

G-space, the Maxwell equations (|80| are identical in form 



to the vacuum Maxwell equations in flat space with rect- 
angular coordinates. In these coordinates, light travels 
along straight lines at speed c (at least in geometrical- 
optics approximation), and straight-line propagation in 
local Cartesian coordinates is equivalent to geodesic 
propagation in G-space. Hence, in the SO-picture, light 
is bent only by the curvature of G-space and not by the 
fictitious dielectric or magnetic properties of the vacuum 
(these contribute to the light deflection when analyzed 
using Maxwell's equations in the MO-picture). 

To say that light rays follow geodesies of G-space is to 
say that the tangent unit vector to the ray k is paral- 
lel propagated along the ray. The unit electric polariza- 
tion vector e of a linearly polarized light ray, e.g., a laser 
beam, also undergoes parallel transport along the ray be- 
cause it is unchanged by propagation in local Cartesian 
coordinates, and so does the magnetic polarization vec- 
tor b, which is orthogonal to the other two unit vectors. 
Therefore we have 

Result XVII: The tangent unit vector k, 
the electric polarization unit vector e, and the 
magnetic polarization unit vector h of a lin- 
early polarized light ray form an orthonormal 
set of three-vectors all of which undergo paral- 
lel transport along the ray in Gaussian space. 

In MO-space there does not appear to be any compa- 
rably simple three-vector picture of the propagation of 
polarization. 



D. Interferometry in a Gravitational Field 

Light beams from a coherent source S travel two dis- 
tinct paths (path A and path B) in a static gravitational 
field to the point P where they interfere. The intensity 
of interference at P depends on the phase difference of 
the two beams arriving there. Because wavelength A is 
constant along a ray in the SO-picture, the phase accu- 
mulated in propagating from 5 to P is proportional to the 
path length £ in this picture (0 = 2-kI/X). Thus the phase 
difference of the interfering beams, Acf) — 2Tr{£ji — ^s)/A, 
is determined by the path length difference £ a — in G- 
space. [In MO-space the wavelength changes as the light 
propagates and the calculation of phase difference is a bit 
more complicated, and the result is not proportional to 
the proper path length difference Ia — £b\- 
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E. What You Calculate is What You See 

We should emphasize that the single-observer picture 
describes that which the single observers sees directly 
["What You Calculate Is What You See" (WYCIWYS)]. 
The effects of spacetime dilation are already included in 
the formalism, and it is not necessary to correct for these 
effects at the end of a calculation, as sometimes must 
be done in the MO-picture when translating locally cal- 
culated results for comparison with observation from a 
distance. A couple of examples will clarify this point. 

Suppose the local observer at P measures a magnetic 
field B and constructs a simple clock by placing electrons 
in this field which, according to the Lorentz force law, 
orbit at the cyclotron frequency lUc — eB/fhe- For the 



distant observer at O, Eq. (79 1 indicates the magnetic 
field is B — TZ^B, and the mass of the electron for this 
observer is rrie = TZfhe (the charge is the same in both 
pictures: q — q — e). Using the same Lorentz force law, 
observer O calculates cyclotron frequency 



eB eR^B 



rripTZ 



= TZuJr 



(95) 



which is the red shifted frequency seen by this observer. 

If our single observer uses Maxwell equations in G- 
space to calculate electromagnetic phenomena, the re- 
sults of the calculations are automatically time-scaled to 
what he observes (WYCIWYS) . No additional correction 
for spacetime dilation is necessary (there is, of course, a 
retardation delay in observing the result due to the finite 
light propagation speed). 

As a second example, consider the transition frequen- 
cies of the Schrodinger hydrogen atom, which for the local 
observer are 



mf.e 



1 



1 



(96) 



The charge, mass, and Plank constant scale to the SO- 
picture as e = e, rrie — TZfhe, and h — h, respectively. 
Hence, using the same Schrodinger equation, observer O 
calculates transition frequencies 



1 



1 



TZuJri 



(97) 



in agreement with the gravitational red-shift formula, but 
only if the photon frequency does not change while prop- 
agating in Gaussian space, as deduced earlier in this sec- 
tion. 



F. Thermodynamic Equilibrium in Gaussian Space 

It is a fundamental result of classical thermodynamics 
that two systems in thermal contact are in thermal equi- 
librium when their temperatures (among other things) 
are equal. For example, the atmosphere of a planet in 



thermal equilibrium has constant temperature through- 
out. 

It is surprising, therefore, to learn that, in general rel- 
ativity, this in not the case. In Tolman's classic vol- 
ume [13. , we find that thermal equilibrium for a static 
fluid sphere held together by gravity is characterized by 
a position-dependent temperature T'(x), 



r(x) 
r(xo) 



/5oo(xo) 



1 



.900 (x) 7^(x) 



(98) 



where r(xo) is the temperature at the position xq of ob- 
server O. This means, for example, that the temperature 
of an equilibrium atmosphere in Schwarzschild geometry 
is larger the closer we are to the Schwarzschild surface at 
r = 2m. This is thermal equilibrium in the MO-picture. 

The equilibrium temperature distribution in the SO- 
picture is different from that in the MO-picture. To de- 
termine the conformal transformation law for tempera- 
ture, we first note that the number of states accessible to 
a system f2, or the "disorder" of the system, as measured 
by the entropy 



S ■ 



-Kb 



(99) 



is clearly independent of the time and length standards 
chosen by an observer. Therefore the Boltzmann con- 
stant must be the same in the MO and SO pictures. 



(100) 



Then the quantity ksT, with dimensions of energy, nec- 
essarily transforms as 



kBT = TZ{kBf), 



(101) 



(see Appendix A for justification) and, in view of ( [Tool , 
the transformation law for temperature reads 



T = nr. 



(102) 



Thus, recalling that TZ{xq) — 1, the condition for ther- 
mal equilibrium, Eq. (98 1, transformed to the SO-picture 



becomes the following result. 

Result XVIII: A simple one-component 
fluid in hydrostatic equilibrium is in thermal 
equilibrium when its temperature, in the SO- 
picture, is constant throughout the fluid. 

This result is in marked contrast to the MO-picture re- 



sult ( 98 ) , where thermal equilibrium is characterized by a 



higher temperature at lower gravitational potential. The 
SO-picture returns constant temperature to its classical 
role as determiner of thermal equilibrium. 

The equilibrium atmosphere presents a clear example 
of the "What You Calculate Is What You See" (WYCI- 
WYS) principle of the SO-picture. A black body at a 
point P of low gravitational potential and in thermal 
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equilibrium with an atmosphere at temperature T, ra- 
diates as a black body of this temperature according to 
observer O who measures the spectrum of the radiation 
received from the body at P, and concludes it is at the 
same temperature as the atmosphere at his location. 

The conventional relativist using the MO-pic;ture dis- 
agrees with this conclusion. He believes that the black 
body at P and the atmosphere at that location are hotter 
than the atmosphere at O, because P is at lower gravita- 
tional potential and the system is in thermal equilibrium. 
He explains observer O's observations by noting that the 
radiation of the hot black body at P is redshifted as it 
propagates from P to O, and so it only appears that 
the black body at P has the same temperature as the 
atmosphere at O. This argument does not impress the 
self-centered observer at O because, in his SO-picture, 
he knows of no such effccrt as the gravitational rcdshift of 
light. He knows only of a shift of atomic energy levels in 
a gravitational field. 

The two pictures are physically equivalent and make 
the same predictions for the result of any measurement. 
The pictures differ only in the position-dependent length 
and time standards chosen to make the measurements. 



IX. SUMMARY AND CONCLUSION 

The notion of gravitational space dilation derives from 
a single observer's view that, when a distant observer's 
standard time interval is dilated by a gravitational field, 
his standard length must be dilated as well and by the 
same factor. If this were not so, the distant observer 
could not understand how the local observer obtains the 
invariant value c for the locally measured light speed. 
The single observer, making "corrections" for time and 
space dilation by means of a conformal transformation 
[gap = Qan/Tl^ with = .goo(P)/5oo(0)], arrives at the 
single-observer picture explored in this paper. 

Perhaps the best way to summarize the qualitative re- 
sults and equations of the single-observer picture is to 
compare these with the corresponding results and equa- 
tions of classical (pre general relativity) physics. The 
similarities are striking: 



Lorentz form, 

F = g (^E ^ X 



(104) 



with electric and magnetic fields that obey the vac- 
uum Maxwell equations 



V • E = 47rp, 



V-B = 0, 



V X B 



1 dE 



VxE+-— =0, 
c at 



(105a) 



(105b) 



(105c) 



(105d) 



of the same form as in Maxwell's original flat-space 
theory (an exact relativistic result). 

• In Gaussian space, as in the classical three space, 
light rays propagate along geodesies of the three- 
space geometry and the frequency of light is unaf- 
fected by propagation in a static gravitational fleld. 

• In the single-observer picture, the energy, momen- 
tum, and Lagrangian for a particle in a static grav- 
itational fleld, 



E = 



P = 



mc 



Vl-vVc2' 

L = —m(?\J\ — jc^ 



(106) 
(107) 
(108) 



have the same forms as for a free particle in special 

relativity. 

• As in classical physics, thermal equilibrium in the 
single-observer picture is characterized by uniform 
temperature. 



• In the single-observer picture, as in Newtonian 

physics, gravitation is represented by a force. The 
gravitational acceleration go = — V$ of non- 
relativistic particles {v « cor E fh(?) is deriv- 
able from a potential $ that obeys the same linear 
Poisson equation, 

= A-KGpg, (103) 

as in Newtonian theory (an exact fully relativistic 
result). 

• In Gaussian space, as in the classical Euclidean 
space, the electromagnetic three-force takes the 



These results justify our referring to the single-observer 
picture as the "classical picture " in general relativity. It 
is far closer in spirit to classical physics than the usual 
many-observer picture that is traditionally used in gen- 
eral relativity. Of course, the latter picture is not at all 
incorrect in its predictions (the two pictures are physi- 
cally equivalent), but the classical picture is likely to be 
of interest to those who prefer to lean on their classical 
intuition when interpreting the results of general relativ- 
ity. 

There are, of course, differences between the "classical 
picture" in general relativity and classical physics prior 
to general relativity: 
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• In the classical picture, the rest mass m = m7?.(x) 
and the rest energy E = mc^ of a particle are po- 
sition dependent in a gravitational field. The rest 
energy is the gravitational potential energy in this 
picture, and it's gradient is the gravitational force. 

The position dependence of the rest energies En = 
m„(x)c^ of an atom (the atomic energy levels) 
shows itself through the position-dependent transi- 
tion frequencies tUnm = (£"« ~ E„i) / h which account 
for the "gravitational redshift" of spectral lines 
(if the rest masses of particles were not position- 
dependent, cyclotron clock frequencies and atomic 
transition frequencies would not correctly display 
the gravitational time dilation effect in this pic- 
ture) . 

• When a particle moves fast {v ^ c or E > ific^) it's 
acceleration in Gaussian space. 



mc 
~E 



go, 



(109) 



decreases from the Newtonian value go — — V<I> by 
the factor (fh(? jE)"^ and approaches zero (geodesic 
motion in Gaussian space) as E' — > co. Thus slow 
particles experience the Newtonian gravitational 
acceleration go, but ultra-relativistic particles (and 
the photon) experience no acceleration and travel 
on geodesies of Gaussian space. 

• Perhaps most importantly, Gaussian space is 
curved (non-Euclidean) , whereas the three-space of 
classical physics is flat. In the single-observer pic- 
ture, three of the four classic tests of general rela- 
tivity are attributed to the curvature of Gaussian 
space. In this picture, the precession of perihe- 
lia, the bending of light by the sun's gravitational 
field, and the relativistic radar echo delay are all 
measures of the curvature of the the solar G-space, 
and these interpretations are exact and complete 
(as opposed to an interpretation based on a lim- 
ited number of terms in a perturbation expansion) . 
This economy of interpretation seems desirable. 

Another striking feature of the single-observer picture 
is the independence of all electromagnetic phenomena, 
from the Newtonian gravitational field go = — V<i>! Elec- 
tric and magnetic fields are "distorted" from their classi- 
cal values by the non-Euclidean G-space geometry (and 
possibly by a non-classical topology of this space), but 
neither the potential <i> nor it's gradient go = — V<i> ap- 
pear in the Maxwell equations ( 105 ) in G-space, and con- 



sequently these have no affect on the fields E and B for 
any prescribed G-space metric gij . This is perhaps most 
clearly evident in local Cartesian coordinates where slow 
material particles fall with acceleration due to gravity 
go = — V<i>, but the Maxwell equations (1051 generate 



variance with Einstein's original principle-of-equivalence 
argument for the bending of light by the "gravitational 
field" in an upward accelerating elevator. But we must 
remember that Einstein's argument gives only half the 
correct light deficction in the sun's gravitational field, as 
in Einstein's calculation [14 prior to general relativity. 
In the SO-picture, no part of the light defiection is at- 
tributed to the principle of equivalence in this way. The 
defiection is entirely due to the curvature of the Gaussian 
three-space. 

Finally, it is noteworthy that, in Gaussian space, the 
results of calculations made with the Maxwell equations 
or particle equations of motion for phenomena at some 
distance from the observer O require no correction for 
gravitational time dilation at the location of the phe- 
nomena. The temporal scale of happenings anywhere in 
Gaussian space is as observed from O (with, of course, 
a retardation delay due to the finite propagation speed c 
of the optical image from phenomenon to observer) ; the 
correction for gravitational time dilation being already 
included in the formalism by means of the conformal 
transformation . 

The results of the present paper (Part I) are limited to 
static gravitational fields. In a second paper (Part II) we 
shall extend the single-observer picture (or "space dila- 
tion" picture) to the time-dependent cosmological metric. 



APPENDIX A: CONFORMAL SCALING RULES 

Many physical quantities may be thought of as prod- 
ucts of mass (M), length (L), time (T), charge (Q), and 
absolute temperature (iC). Under the conformal trans- 
formation ds^ = TZ^ds^ from the MO-picture to the SO- 
picture, these quantities transform as 



M = 


TZM, 


(Al) 


L = 




(A2) 


T = 


fin, 


(A3) 


Q = 


Q. 


(A4) 


K = 


UK 


(A5) 



Therefore, if an observable X has dimensions [X] — 
M^M inLj'UTQUQj^nK jjjay think of it as composed 
of um factors of mass, factors of length, nx factors 
of time, nq factors of charge, and nx factors of tem- 
perature, in which case we would expect the quantity 
to transform under the conformal transformation in the 
same way as the quantity Af "*fL"^T"^Q"« if" namely 



A = 7^ 



X 



(A6) 



and propagate electric and magnetic fields in exactly the 
same manner as when go = 0. This result seems to be at 



(here we are using M , L, T, Q, and K both as symbols for 
a particular mass, length, time , charge, and temperature 
and as indicators of the dimensions of these quantities). 
We will refer to quantities that transform in this way as 
fundamental observables. 

The metric gap is a fundamental observable if we follow 
the convention that all coordinates are dimensionless. 
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PHYSICAL 


SCALING 


CONSTANT 


LAW 


Elementary Charge e 


e = e 


Speed of Light c 


c = c 


Plank's Constant h 


h = h 


Gravitational Constant G 


G = G/7^^ 


Boltzmann Constant kn 





Table 1: Conformal scaling laws for fundamen- 
tal constants. 



The metric tensor then has dimensions of length squared, 
so that ds {ds^ = g^pdx'^dx^) has dimensions of length 
for any coordinate disp lacement dx" , and gap = gap/Ti^ 
follows the pattern ( A6 ). The inverse metric g°'^ then has 
dimensions of inverse length squared and g""^ — TZ^g"^ 
also follows the rule ( A6 1. Such a convention is in keeping 



with the view that a coordinate displacement dx" has 
no length until a metric is specified. This convention, 
together with rule (A6l, also implies that coordinates 
are unaffected by a change of picture (x'^ = x'^), and so 
we use the same coordinate symbol in both pictures 
because there is no need to make a distinction. 



The only caution in applying the scaling rule ( A6 1 is 



that tensor components such as P'^ or often do not 
have the dimensions of the physical observable they rep- 
resent. For example, P^^ = rndx^/dr has dimensions 
[P^] = M/T and P^ dimensions [P^] ^ [g^cuP''] = 
ML'^/T, neither of which are the dimensions of mass 
times velocity. Only the physical magnitude P ~ 
(P^P'^)^/^ has the dimensions ML/T of momentum. We 



are keeping factors of c and G in all equations, rather 
than setting these to unity, in order to make application 
of the scaling rule (A6) more convenient. 



The convention that coordinates x^^ are dimensionless 
is convenient also because it allows all components of 
the electromagnetic field tensor P^^, to have the same 
dimensions, as can be seen from the Lorentz formula 



DPf _qpf, dx" 
dr c dr 



(A7) 



The dimensions of P''^ are [F^'J = ML/T^Q, and so the 
transformation rule is F^^^ = 7?.^P^^. This, together with 
the transformation rule = TZ'^J^ for J^, which follows 
from the dimensions [J^] — Q/L^T of J^, are the basis 
of the proof that Maxwell's equations are conformally 
invariant. 



The scaling law ( A6 1 has a number of immediate con- 
sequences for the scaling of fundamental "constants" un- 
der the transformation from the MO- to the SO-picture.. 
Table 1 contains the scaling laws for some of these con- 
stants. We see that the elementary charge, the speed of 
light. Plank's constant, and Boltzmann's constant are in- 
variant under this transformation, but the gravitational 
"constant" changes. The scaling rule (A6l does not say 



that all observables scale in this way. Only the so-called 
"fundamental" quantities obey this rule. If the definition 
of a quantity involves derivatives of fundamental quanti- 
ties, then that quantity does not transform according to 
the scaling law ( A6 ) , although its transformation law is 



still easily derived. The connection coefficients T^^^ and 
the curvature tensor, for example, transform differently 
from ( A6 ) under a conformal transformation . 
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